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The theory of Laplacian transport towards and across irregular surfaces is reformulated in terms of the
Dirichlet-to-Neumann operator and its spectral characteristics. This permits us to obtain an exact equivalent
circuit for the impedance of a working interface of arbitrary shape. The important result is that only very few
eigenmodes of this operator do govern the entire response of a macroscopic system. This property drastically
simplifies the understanding of irregular or prefractal interfaces. The results can be applied in electrochemistry,
physiology and chemical engineering, fields where exchange processes across surfaces with complex geometry
are ubiquitous.
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I. INTRODUCTION

Irregular interfaces are ubiquitous in nature and industry,
and the understanding of their role in macroscopic transport
is a long standing question. In many systems the transport
towards and across such surfaces is driven by Laplacian
fields. Examples can be found in domains such as electro-
chemistry, heterogeneous catalysis, NMR relaxation in po-
rous media, and transfer across biological membranes �1�.
For instance, a highly irregular geometry of the mammalian
lungs is required to provide a sufficient alveolar surface, con-
fined into a relatively small volume of the rib cage �2�. In
this light, the geometrical irregularity is not only a common
feature of biological or industrial systems, but the indispens-
able element of their functioning. A long standing problem is
thus, “How does the irregular geometry of the semiperme-
able interface influence the net response of the whole
system?” �3–15�.

The net flux across such a system is in general the result
of a competition between the following two physical or
chemical mechanisms �15�:

�i� The transport in the bulk towards the interface which
is limited by an “access resistance.” This volume effect is
determined by a diffusion coefficient D �or electrolyte con-
ductivity �−1�.

�ii� The transfer across the “semipermeable” surface �or
the chemical reaction on this interface�. It is characterized by
the permeability W �or the reaction rate K, or the electrode
surface conductivity 1/r� that can vary from 0 �perfectly
reflecting interface� up to infinity �perfectly absorbing
interface�.

In the case of the transport across an irregular surface,
some parts of the surface are more accessible to diffusing
particles than others. Hence, the current density across the
surface may strongly vary from one place to another. This
phenomenon is known as diffusional screening �15–17�. The
overall transport of particles across the semipermeable inter-
face then depends on the particular geometry of the interface.

In other words, the transport properties of the system
�through the bulk and across the interface� interplay in a
complicated way with the geometrical features of the inter-
face, to give rise to a nontrivial macroscopic response. For
instance, the constant phase angle behavior, often observed
in electrochemical measurements, may be caused by the
roughness of metallic electrodes �3,4�. Similar effects are
observed in heterogeneous catalysis �18�.

The above Laplacian transport phenomena can be
modeled in the following mathematical frame: “species”
characterized by their concentration C diffuses in the bulk
from a distant source towards a semipermeable interface, on
which it disappears at a given rate �either by transferring
across the interface, or by reacting in the case of a catalytic
cell�. The steady state concentration field obeys the follow-
ing equations:

�C = 0 in the bulk,
�1�

C = C0 at the source,

�C

�n
=

C

�
on the surface.

The length �=D /W characterizes the balance between the
two competitive transport mechanisms �15�. It has a simple
physical meaning: it represents typically the perimeter of a
region of an irregular interface which works uniformly. It can
be visually observed by electrochemical direct decoration
technique �19�.

If one knows the surface geometry, the question of the
transport is in principle simple. For a given geometry, one
can solve the boundary value problem �1� numerically and
determine the total flux �� for any value of � or D:

�� = �
��

���s�ds, ���s� = D
�C

�n
�s� , �2�

where � /�n denotes the normal derivative at the interface ��
directed towards the bulk. Of course, the real situation is
often the opposite: one measures the flux, or needs a given
flux for some practical reasons. One may thus wonder what*Electronic address: denis.grebenkov@polytechnique.edu
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are the respective roles of the transport parameters and the
geometry. This question is of particular importance in
electrochemistry, where it is related to finding of the “second
current distribution.”

Among several approaches, Halsey first proposed to map
the electrochemical phenomena to the study of random walks
nearby the working electrodes �10�. In a seminal paper, he
introduced the operator H called “matrix of periods of the
harmonic measure” whose elements H�	 are the probabilities
for a random walker emitted from the �th element of the
surface first returning to the surface within the 	th element.
Later, Halsey and Leibig essentially used Green function’s
representation to describe the secondary current distribution
in an electrolytic cell �11–14�. Within their description, the
original physical problem has been reduced to a numerical
analysis of Green functions. Further probabilistic interpreta-
tion permitted to predict scaling exponents of fractal elec-
trodes �11,12�. In that approach, the geometry is character-
ized by the whole Green function, limiting practical
implementation of this description for complex morpholo-
gies. Second, the representation of the admittance through
series expansion requires the knowledge of all its coefficients
�see Ref. �20� for details�. Finally, the assumption about the
finite thickness of the double layer makes the application of
the above theory difficult to other transport phenomena �such
as, for example, the oxygen diffusion in the human lungs
�21��, which, however, lead finally to analog conclusions if
one uses the correct transposition of physical quantities.

In this paper, we reformulate the classical Laplacian de-
scription �1� of transport phenomena by introducing the
Dirichlet-to-Neumann operator in such a way that the contri-
bution of the geometry can be identified explicitly. Thanks to
the use of the spectral theory, it is shown that one can reduce
the relevant information on the system geometry to a set of
real-valued quantities having a rigorous mathematical defini-
tion and clear physical interpretation. More precisely, we
shall show that, for the original continuous problem �1�,
there exists a self-adjoint mathematical operator called the
Dirichlet-to-Neumann operator whose spectral characteristics
contain all the geometrical information on the boundary that
is relevant to the Laplacian transport. In particular, an ana-
lytical representation of the total flux �� as a function of the
physical parameter � will be deduced. First, we briefly re-
mind the reader of the discrete approach in Sec. II that pro-
vides an intuitive thinking about the Laplacian transport phe-
nomena. We shall then describe in Sec. III the continuous
approach, the central subject of this paper. In Sec. IV, we
discuss its physical and probabilistic interpretations that help
to present the practical applications of this approach.

II. THE DISCRETE APPROACH

The original Halsey idea about the governing operator H
was further developed by Filoche and Sapoval �22�, intro-
ducing a finite absorption probability on the working surface.
This absorption probability has a simple physical meaning.
For instance, it is the reaction probability in the case of het-
erogeneous catalysis. In this section, we briefly recall the
discrete approach that provides an intuitive thinking about
the Laplacian transport phenomena.

Here the diffusion source, the diffusive bulk and the semi-
permeable interface are discretized into a finite number of
sites. The Brownian motion of diffusing particles is then
modeled by random walks on a regular d-dimensional lattice
with mesh a and jump time 
. A finite permeability of the
interface can be interpreted via partial absorptions on the
boundary: a particle arriving on an interface site is reflected
to the neighboring bulk site with a reflection probability �, or
absorbed with a sticking probability 1−�. The particle then
resumes its Brownian motion until it is absorbed either by
the interface or the source. The two macroscopic physical
quantities D and W are related to three microscopic discrete
parameters a, 
, and � as �23�

D =
a2

2d

, W =

a�1 − ��
2d
�

, �3�

whence one gets

� = a
�

1 − �
. �4�

The total flux density ���s� is represented by a finite
number of fluxes ��,k

a across each interface site k, where the
superscript a points out the dependence on the discretization.
In a probabilistic view, these fluxes are proportional to the
probabilities �P�

a �k for a random walker coming from the
diffusion source to be finally absorbed on the site k of the
interface �given the fact that it can be reflected with prob-
ability � against this interface�:

��,k
a = C0Dad−2�P�

a �k.

For convenience, the probabilities �P�
a �k can be considered as

components of a N-dimensional vector P�
a , where N stands

for the number of sites discretizing the interface. The key
point of the discrete approach �22� is that the probabilities
�P�

a �k can be expressed through the Brownian self-transport
operator that only depends on the �discretized� geometry of
the system. This operator is represented by the
�N�N�-dimensional matrix Qa which is composed of the
probabilities Qj,k

a for a random walker to reach at first hit the
site k on the interface when starting at the site j of the same
interface, without hitting the source during the walk.

For a perfectly absorbing interface ��=0 and �=0�, the
probabilities �P0

a�k are given by the normalization condition
for matrix Qa:

�P0
a�k = 1 − �

j

Qk,j
a or P0

a = �I − Qa�1 ,

where I stands for the identity operator and
1= �1,1 , . . . ,1�T. These are the probabilities for a random
walker to reach at first hit the site k on the interface when
starting at the diffusion source.

For a strictly positive �, the Markovian property of
the random walks allows to express the probability �P�

a �k as
the sum of probabilities to cross the interface after
0 ,1 ,2 , . . . , intermediate hits. First, the probability to cross
the interface at first hit is simply �1−���P0

a�k. Then, the prob-
ability to cross the interface after one intermediate hit is
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�1−���k1
�P0

a�k1
�Qk1,k

a . A similar expression can be written for
the contribution of trajectories with 2 ,3 , . . . , intermediate
hits. The probability �P�

a �k is then

�P�
a �k = �1 − ���P0

a�k + �1 − ���
k1

�P0
a�k1

�Qk1,k
a + ¯

+ �1 − �� �
k1,. . .,kn

�P0
a�k1

�Qk1,k2

a � ¯ Qkn,k
a + ¯ .

Being written in a matrix form

this formula gives the distribution of absorption probabilities
�P�

a �k as the application of the �discrete� spreading operator
T�

a to the distribution of hitting probabilities �P0
a�k. Using

relation �4�, one finally writes

P�
a = �I + �

I − Qa

a
�−1

P0
a. �5�

This expression shows how the geometrical irregularity rep-
resented by the operator �I−Qa� /a spreads the hitting prob-
ability distribution P0

a with the physical length scale �.
The stationary flux ��

a across the system can be expressed
as the sum of all fluxes passing through each site of the
interface:

��
a = C0Dad−2�

k

�P�
a �k.

This relation provides an explicit dependency of the total
flux ��

a on the physical parameter � and identifies the con-
tribution of the geometry of the interface.

In order to return to the original continuous description,
one has to go to the limit where three discrete parameters a,

, and 1−� vanish. Since the macroscopic parameters D and
W have to be independent of the discretization, one discrete
parameter �e.g., the lattice mesh a� goes to zero in an
arbitrary way, while two other parameters vanish in such
a way that relations �3� still remain valid. In this limit,
the mathematical difficulty is to show the existence of
lima→0�I−Qa� /a and to identify its meaning. In this paper,
we present a different approach which solves directly the
continuous problem represented by Eq. �1�.

III. THE CONTINUOUS APPROACH

The continuous approach is based on the spectral proper-
ties of the Dirichlet-to-Neumann operator which is known as
a natural mathematical tool for describing fixed and moving
boundary value problems in electromagnetism, fluid dynam-
ics and solid mechanics �24–27� or inverse conductivity
problems �28�. A recent development of efficient numerical
techniques allow one to compute this operator for different
interfaces in order to apply it in practice �29,30�.

A. The Dirichlet-to-Neumann operator

Consider a bounded domain ��Rd �d2� of a smooth
�twice continuously differentiable� boundary that is com-

posed of two disjoint parts, �� and ��0, respectively, called
the “working interface” and the “source” �Fig. 1�. For a
given function f on ��, one can solve the following Laplace-
Dirichlet problem:

�u = 0 �x � ��, 	u = f �x � ��� ,

u = 0 �x � ��0� .
�6�

The application of the normal derivative to the solution u
leads to a new function g defined on the working interface
�� :g=�u /�n. This procedure, allowing one to associate for
a given function f on �� the new function g on ��, intro-
duces a mathematical operator M called the Dirichlet-to-
Neumann operator. It can be shown that this operator, acting
from H1���� �particular Sobolev space� to L2���� �space of
measurable and square integrable functions�, is a pseudodif-
ferential self-adjoint operator with discrete positive spectrum
and smooth eigenfunctions forming a complete basis of
L2���� �31,32�. By definition, this operator only depends on
the geometry of the domain � since no physical or chemical
parameter was introduced up to this moment.

For diffusional problems, the function f can be thought as
a given distribution of “species” on the working interface
that have been sent to diffuse in the bulk � and then comes
back to this interface. Its flux density is proportional to the
function g and can be thus written as an application of the
Dirichlet-to-Neumann operator M to the initial distribution
f . In the electrochemical frame, one can consider the work-
ing interface �� with a given electric charge distribution f ,
and the application of the operator M to f provides the den-
sity of the induced electric field on the working interface.

B. Flux density

Once the Dirichlet-to-Neumann operator is defined for a
given domain �, it can be applied to study the mixed bound-
ary value problem �1�. Searching concentration C in the form
C=C0�1−u�, one rewrites this problem as

FIG. 1. In a typical diffusional cell, “species” diffuses in a bulk
� from a distant source ��0 towards an irregular working interface
��. This transport phenomena can be written as the mixed bound-
ary value problem for the function u related to the concentration of
species C as C=C0�1−u�.
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�u = 0 �x � ��, 
�I − �
�

�n
�u = 1 �x � ��� ,

u = 0 �x � ��0� .

The normal derivative of the harmonic function u on �� can
be written as the image of its boundary restriction u�� by the
operator M, therefore the first boundary condition becomes
�I+�M�u��=1. The sign is changed according to the defi-
nition of the normal derivative directed towards the bulk.
Consequently, if one looks for the boundary values of the
function u, it is sufficient to apply the operator �I+�M�−1 to
the constant function 1 on the working interface �the exis-
tence of the inverse operator is provided by the positivity of
the spectrum of M and the natural inequality �0�. Ac-
cording to the definition �2�, the total flux density ���s� of
particles diffusing from the source ��0 towards the working
interface �� can be thus calculated as

���s� = DC0�−
�u

�n
��s� = DC0�M�I + �M�−11��s� .

For a purely absorbing interface ��=0�, the flux density is
simply

�0 = DC0�M1� �7�

that implies the following important relation:

�� = �I + �M�−1�0. �8�

It means that the finite permeability of the working interface
���0� leads to a spreading of the flux density �0�s� by the
operator T�= �I+�M�−1, which is called the �continuous�
spreading operator. The comparison of relations �5� and �8�
suggests that T� is the continuous analog of the discrete
spreading operator T�

a . In this light, the Dirichlet-to-
Neumann operator M naturally appears as a limit of the
sequences �I−Qa� /a as a goes to 0. Although the Dirichlet-
to-Neumann operator has no simple probabilistic interpreta-
tion as the Brownian self-transport operator Qa does, it pro-
vides a direct and continuous description of the Laplacian
transport phenomena, without any auxiliary discretization of
the initially continuous mixed boundary value problem �1�
and difficulties related to further continuous limit of the dis-
crete approach.

C. Macroscopic response: A general case

The total flux �� across the working interface is obtained
by the integration of the flux density ���s� over the working
interface ��:

�� = �
��

ds���s� = ��� · 1�

which can be considered as the scalar product in L2����
space. Using relations �7� and �8�, one obtains a simple rep-
resentation for the total flux

�� = DC0��I + �M�−1M1 · 1� . �9�

This expression shows explicitly how the experimentally
measurable macroscopic response of the system �e.g., the

electric current through electrochemical cell� depends both
on the transport parameters �D, C0, and ��, and on the ge-
ometry of the system. The last one is entirely represented via
the Dirichlet-to-Neumann operator M.

Since the operator M is self-adjoint, one can define its
eigenmodes MV�=��V� satisfying the normalization con-
dition

�V� · V�� = ��,�. �10�

Whatever the bounded domain �, the eigenvalues �� are
strictly positive and discrete:

0 � �0 � �1 � �2 � ¯ .

For a smooth boundary, the eigenfunctions V� are also
smooth �twice differentiable� and they form a complete basis
of L2����. Using these properties, one can represent the total
flux �� as the spectral decomposition of the constant func-
tion 1 on the eigenbasis �V��:

�� = DC0�
�

��F̃�

1 + ���

, �11�

where

F̃� = �1 · V���1 · V�
*� . �12�

In this expression, all the relevant information on the geom-
etry of the system is entirely represented via the eigenvalues

�� and the squared scalar products F̃� between V� and 1.
Moreover, it provides an explicit dependency of the total flux
on �, the only physical characteristics of the interface.

D. Effective impedance: A distant source at infinity

Since the Dirichlet-to-Neumann operator depends on the
geometry of the whole domain �, the spectral decomposition
�11� is sensitive not only to the geometry of the working
interface, but also to the geometry of the source, and to their
mutual arrangement. In many practical applications, the
source is placed far from the working interface, therefore one
may expect to separate the proper contribution of the work-
ing interface. Starting from a distant source, a diffusing par-
ticle “forgets” its geometrical details during a long stochastic
motion. It allows us to simplify the problem by considering
sources of planar or spherical shapes.

Moving away the source, one makes more difficult the
access of the working interface since only a few diffusing
particles can reach this interface before returning to the
source. Consequently, the bulk access resistance R=C0 /�0
grows, and the total flux �� decreases whatever the physical
transport properties of the working interface. These qualita-
tive arguments are supported by the following analysis of the
spectral decomposition �11�. If one considers a source going
to infinity, the lowest eigenvalue �0 vanishes, while the cor-
responding eigenvector V0 tends to a constant function Stot

−1/2

�44�, where the value Stot
−1/2 appears from the normalization

condition �10�, Stot being the total surface area. Conse-
quently, all the numerators in �11� vanish, either thanks to
�0→0, or due to the orthogonality of eigenvectors V� to
V0�1.
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In order to characterize the macroscopic response of the
working interface alone, one has to subtract the bulk contri-
bution from the total flux ��, and to use a convenient
normalization

Z��� = C0
�0 − ��

�0
2 . �13�

This quantity represents the effective impedance of the work-
ing interface. The substitution of the spectral decomposition
�11� into this relation gives

Z��� =
�

D
�
�

F�

1 + ���

, �14�

where the new coefficients have been introduced:

F� = F̃���
2�DC0

�0
�2

. �15�

As shown below, these new coefficients F� turn out to be the
intrinsic geometrical characteristics of the interface. For this
purpose, one first expresses the constant function 1 in defi-
nition �12� by inverting the relation �7� that leads to

F̃� = � 1

DC0
�2

�M−1�0 · V���M−1�0 · V�
*� .

Since the Dirichlet-to-Neumann operator is self-adjoint, one
can simply move M−1 to the eigenvector V�. Finally, one
normalizes the flux density �0�s� by the total flux �0:

�0
N�s� =

�0�s�
�0

,

whence one gets

F̃� = � �0

DC0
�2

��
−2��0

N · V����0
N · V�

*� .

Comparing this expression with formal definition �15�, one
concludes that

F� = ��0
N · V����0

N · V�
*� . �16�

The normalized flux density �0
N�s� can be also written with

the help of the Dirichlet-to-Neumann operator as

�0
N�s� =

�M1��s�
�M1 · 1�

.

In the limit of an infinitely distant source, this density is still
well defined, converging to the harmonic measure density. It
means that, for a sufficiently large distance between the
source and the working interface, the function �0

N�s� is es-
sentially independent of this distance. Consequently, the co-
efficients F� and the whole spectral decomposition �14� ap-
propriately describe the macroscopic response of the
working interface. One sees that, in the case of a distant
source, the transport properties of the working interface are
entirely characterized by a set of positive real numbers
��� ,F�� determined by the Dirichlet-to-Neumann operator,
where �� are homogeneous to an inverse length and F� are
homogeneous to an inverse area �in particular, F0=1/Stot�.

E. Spectroscopic impedance: A distant source at finite distance

The fact that the spectral components F� are weakly de-
pendent on the distance to the source suggests to use them
even in the case of a finite distant source instead of previ-

ously defined coefficients F̃�. In particular, one can rewrite
the spectral decomposition �11� as

�� =
�0

2

DC0
�
�

F�

���1 + ����
. �17�

In particular, this expression for �=0 gives �0 and allows
one to calculate the access resistance R of the bulk:

�0 = DC0��
�

F�

��
�−1

and R =
1

D
�
�

F�

��

. �18�

Finally, it is convenient to represent the total working surface
area Stot as a similar spectral decomposition:

Stot = � �0

DC0
�2

�
�

F�

��
2 . �19�

By analogy with electric problems, one can also define the
spectroscopic impedance Zsp��� of the working interface
risen due to its surface resistance:

Zsp��� =
C0

��

−
C0

�0
.

Using the definition �13� of the effective impedance, one
simply rewrites this expression as

Zsp��� =
Z���

1 − R−1Z���
. �20�

When the distance between the source and the working in-
terface is sufficiently high, the access resistance R is large,
and the spectroscopic impedance is close to Z���. In what
follows, we focus our attention on the effective impedance
Z���, bearing in mind that one can always relate this quan-
tity to the physically measured characteristics Zsp��� accord-
ing to Eq. �20�.

The spectral decompositions �14� and �17� are the main
relations in the present theoretical description of the Laplac-
ian transport phenomena. Whatever the geometry of the dif-
fusional or electrolytic cell �domain ��, the macroscopic re-
sponse of the working interface can be decomposed into a
sum of simple elementary contributions defined by the spec-
tral characteristics �� and F�. Since these quantities are only
determined by the geometry of the system, the decomposi-
tion �14� allows one to separate the physics and the geometry
of the problem in an explicit way. Whatever the nature of the
Laplacian transport phenomena �oxygen diffusion, electric
transport, heterogeneous catalysis,¼�, the geometrical ir-
regularity of the interface can be taken into account through
a set of real positive numbers �� and F� which can be thus
called the “harmonic geometrical spectrum” of the interface.

Since this spectrum can be thought as “identity” of the
working interface with respect to the Laplacian transport, its
thorough study for several surfaces with “canonical” irregu-
lar geometry would certainly be useful. The examples of
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interest would be a single pore, a pore lattice in 2D or 3D,
deterministic self-affine or self-similar interfaces, a branched
tree with diffusion and reaction on the surface as the pulmo-
nary acinus. The importance of such “canonical” cases is
related to the fact that random and deterministic fractal sur-
faces with the same dimension transfer the diffusing particles
very much in a similar way �33�.

F. Spectral characteristics

As we mentioned above, the normalized flux density
�0

N�s� converges to the density of the harmonic measure on
the working interface ��, when the source goes to infinity. It
means that �0

N�s�ds is the conditional probability that the
Brownian motion started from the source ��0 hits the work-
ing interface for the first time in ds vicinity of the boundary
point s, without returning to the source. Consequently, the
coefficients F� can be called the “spectral components” of
the harmonic measure density since they describe the spec-
tral decomposition of this density on the eigenbasis �V�� of
the Dirichlet-to-Neumann operator. In other words, F� is the
weight of the corresponding eigenfunction V� projected onto
the harmonic measure density �“compared” with �0

N�.
The Perron-Frobenius theorem allows one to show that

the eigenfunction V0�s� �corresponding to the lowest eigen-
value �0� is a positive function. For instance, if the source is
at infinity, it is a constant. The orthogonality of eigenmodes
implies that the other eigenfunctions V��s� �with ��0�
must oscillate around zero along the working interface
�� �for the source at infinity, the integral of the other
eigenfunctions over the working interface is strictly zero�.
Roughly speaking, the Dirichlet-to-Neumann operator has
“oscillating” eigenmodes of “spatial frequencies” increasing
with � �or ���. For example, if one considers a circular ring
�= �x�R2 :1� x  �1+h� �with h�1�, the eigenfunctions
of the Dirichlet-to-Neumann operator are Fourier harmonics
ei�s, and the spatial frequencies are equal to � and very close
to �� �20�. In the general case, one can say that the eigen-
values ��, being homogeneous to an inverse length, provide
the information about the “spatial frequencies” of corre-
sponding eigenmodes. An apparent similarity to Fourier har-
monics suggests that we think of the eigenmodes of the
Dirichlet-to-Neumann operator as the “pseudo-Fourier-
basis.” In other words, each interface “generates” its own
eigenbasis of L2����, particularly adapted to describe the
Laplacian transport phenomena.

Since the Dirichlet-to-Neumann operator is unbounded,
the spectral decompositions �14� and �17� contain, in general,
an infinitely large number of terms. However, these terms are
weighted by the spectral components �F��, i.e., different
eigenmodes bring different contributions to the effective im-
pedance Z��� or the total flux ��. The fact that �F�� corre-
spond to the projections of the harmonic measure density
onto oscillating eigenfunctions V� implies that the contribu-
tions of eigenmodes with high spatial frequencies vanish.
Quantitatively, if � is the smallest geometrical feature of the
boundary, the harmonic measure density varies slowly on
scales smaller than �, and there is almost no contribution of
eigenmodes with ����−1. Consequently, the Laplacian

transport towards arbitrarily irregular surface with a finite
minimal cutoff � can mostly be described by a finite number
of contributing terms. More generally, since the characteris-
tic scales of an irregular boundary are represented in the
behavior of the harmonic measure density, one may think
about certain type of “resonant” effect at spatial frequencies
corresponding to the geometrical scales of the working elec-
trode.

G. Link with the discrete approach

An important feature of the present approach is that the
use of the Dirichlet-to-Neumann operator allows one to
study the originally continuous problem �1� without auxiliary
intermediate steps �discretization and passage to continuous
limit�. It allows one to avoid difficult mathematical problems
of the continuous limit that had been risen for the discrete
approach. Moreover, apparent similarities between the dis-
crete and continuous descriptions indicate that the Dirichlet-
to-Neumann operator M is the continuous limit of a se-
quence of the discrete operators �I−Qa� /a.

At the same time, it should be stressed that the probabi-
listic vision of diffusing particles becomes mathematically
more difficult. Intuitively, one can think about a limiting sto-
chastic process of partially reflected random walks on the
lattice with vanishing mesh a. The sticking probability
�1−�� decreases linearly with a being proportional to 1/�
according to Eq. �4�. Consequently, the displacements of ran-
dom walks become smaller and smaller, but the average
number of reflections grows. One may expect that these ef-
fects are mutually compensated leading to a well defined
stochastic process in the limit a→0. A rigorous definition of
this so-called “partially reflected Brownian motion” �PRBM�
is given in Refs. �20,34�. Although this probabilistic picture
is not so transparent as for the discrete case, the study of the
PRBM provides a subtle information about stochastic trajec-
tories of diffusing particles �35�.

IV. THE ELECTROCHEMICAL PROBLEM: AN EXACT
EQUIVALENT CIRCUIT

Although the notion of diffusing “species” has no more
sense for the secondary current distribution in electrochem-
istry, the above results shed a new light in this field. Please
note that we are not considering here the problem known as
that of the diffusion impedance in electrochemistry �36,37�,
but we use the formal mathematical analogy between the
diffusional and electrochemical problems.

Here, one has to replace the “diffusional” quantities by
“electrochemical” ones: the concentration of particles C on
the source becomes the amplitude V0 of the applied electric
potential, the diffusion coefficient D is replaced by the in-
verse of the electrolyte resistivity �, while the membrane
permeability W is replaced by the inverse of the surface im-
pedance �. In particular, one obtains �=� /�. The total elec-
tric current �� is conventionally normalized by the applied
potential V0 to give the admittance �or conductance� of the
electrolytic cell
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Y��� =
�

R2�
�

F�

���1 + ����
, �21�

where R=V0 /�0 stands for the access resistance of the elec-
trolyte. At the same time, one could simply rewrite the spec-
tral decomposition �14� for the effective impedance by re-
placing D by �−1:

Z��� = ���
�

F�

1 + ���

. �22�

The surface impedance � characterizes the local transport
properties of the electrolyte double layer near the working
electrode. Often, these properties can be described by a sur-
face capacitance � and surface resistance r connected in par-
allel, whence �= �−i��+1/r�−1, where � is the frequency of
the applied potential. Note that such form of the surface im-
pedance leads to a complex-valued parameter � �being still
homogeneous to a length�. For the static problem ��=0�, one
simply has �=r. In general, whatever the dependence of the
surface impedance � with respect to �, one can still use the
spectral decomposition �21� for the admittance in order to
take into account the geometrical irregularity of the working
electrode.

An experimental study of the impedance spectroscopy of
macroscopically irregular electrodes has been recently under-
taken to validate this approach �38�. For this purpose, we
measured the following physical quantities: the electrolyte
resistivity �, the surface impedance ���� of a flat brass elec-
trode, and the spectroscopic impedance Zexp��� of the stud-
ied brass electrodes �first generations of the Von Koch sur-
face�. This last one was then compared to its theoretical
prediction by Eq. �22� in which the harmonic geometrical
spectrum ��� ,F�� was calculated numerically for the consid-
ered macroscopic geometries �20�. The preliminary results
showing a good agreement between the theory and experi-
ment was announced in Ref. �38� and will be published in
detail in a forthcoming paper.

An important practical consequence of the spectral de-
composition �21� is the possibility to derive an exact equiva-
lent electric scheme for an electrolytic cell of arbitrary ge-
ometry of electrodes. By introducing a set of resistances R�

and areas S� according to

R� = ��R

�
�2��

F�

, S� = � �

R
�2 F�

��
2 �23�

one can rewrite Eq. �21� as

Y��� = �
�

1

R� + ����/S�

, �24�

i.e., the admittance Y��� is represented as a sum of admit-
tances

Y���� =
1

R� + ����/S�

connected between them in parallel. Consequently, the elec-
trolytic cell has exactly the same macroscopic response as
the electric circuit composed of a parallel connection of the

following transmission lines: the resistance R� in series with
the linear element ���� /S� characterized by the surface im-
pedance ���� �see Fig. 2�. For the static problem �if �=r�,
this linear element is simply another resistance. Since the
electrochemical cell, as a two-pole electric circuit, can be
represented by an electric network of resistances and capaci-
tors �39,40�, our approach permits to compute exactly the
constitutive elements of such equivalent circuit.

Writing relations �18� and �19� in terms of R� and S�, one
obtains

R−1 = �
�

R�
−1, Stot = �

�

S�. �25�

It means that the Dirichlet-to-Neumann operator provides a
specific partition of the total electrolyte resistance R into a
set of resistances R� connected in parallel, and of the total
surface area Stot of the working electrode into a set of areas
S�.

In order to give a physical interpretation of this partition,
we first consider a flat working interface when the harmonic
geometrical spectrum can be calculated explicitly. In this
case, the only contributing eigenmode is the lowest one
��=0�, with �0=1/h and F0=1/Stot, where h is the distance
between the source �counter-electrode� and the working in-
terface. Since the other spectral components F� are equal to
0, one obtains R�

−1=0 and S�=0 for ��0. The relations �25�
lead then to R0=R and S0=Stot. In particular, one retrieves
the classical relation for the bulk resistance of a conducting
material between two flat boundaries: R=�h /Stot. This result
is related to the fact that the equipotential surfaces of the
electric potential inside the electrolytic cell are parallel to
both flat boundaries. The admittance Y��� of this electrolytic
cell can be thus written as

Yflat��� =
Stot

�h + ����
,

i.e., each surface element ds gives the same contribution
ds��h+�����−1 to the admittance.

In a general case, the equipotential surfaces are not paral-
lel to the working interface and the source, and the contribu-
tions of different surface elements are not equal as they are
dependent on their locations on the working interface. In
order to calculate the admittance of the electrolytic cell, one

FIG. 2. Equivalent electric scheme for an electrolytic cell con-
stitutes a parallel connection of transmission lines “resistance R� �
linear element � /S�” �characterized by the surface impedance ��.
Depending on the local transport properties of the electrolyte
double layer near the working electrode, the linear element can be
purely resistive ��=r�, purely capacitive ��= �i���−1�, their combi-
nation ��= �i��+1/r�−1� or a more complex electrochemical
element.
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may think to gather uniformly working surface elements into
“groups.” The surface area of each “group” would measure
its relative contribution to the admittance. This way of think-
ing leads us directly to the partition of the total surface area
Stot into specific areas S� determined by the Dirichlet-to-
Neumann operator. The spectral decomposition �24� of the
admittance is then understood as a parallel connection of
different “groups” characterized by their admittances

Y���� =
1

R� + ����/S�

.

Using the definitions �23�, it is convenient to write the resis-
tances R� in the form of the classical relation for the bulk
resistance for flat boundaries

R� = ���
−1/S�,

where ���
−1� correspond to different length scales of the

working interface. One obtains

Y���� =
S�

���
−1 + ����

.

Qualitatively, one may think that the electrolytic cell is com-
posed of a number of simple “blocks” of height ��

−1 and area
S�, with surface resistance ����. The harmonic geometrical
spectrum determines the corresponding partition of the total
surface area in a unique way. At the same time, it does not
provide a means to locate the positions of the specific areas
S� onto the working interface.

We would like to mention another curious remark. For an
irregular interface, one may intuitively expect to have a con-
tribution from each length varying continuously. In this case,
the admittance of the electrolytic cell would be the integral
of these contributions. In reality, however, there is only a
discrete set ���

−1� of lengths contributing to the macroscopic
response according to Eq. �24�.

In the particular case of a source at infinite distance, one
has to use the spectroscopic or effective impedance instead
of the admittance. A similar analysis for the effective imped-
ance Z��� provides an equivalent electric scheme corre-
sponding to the following representation:

Z��� = �
�

1

1

R̃�

+
1

����/S̃�

,

where a new set of resistances R̃� and areas S̃� is introduced:

R̃� = �
F�

��

, S̃� =
1

F�

.

As expected, these quantities do not depend on the access
resistance R, being intrinsic characteristics of the working
interface. They obey the following relations:

R = �
�

R̃�, Stot
−1 = �

�

S̃�
−1.

The corresponding electric scheme is shown on Fig. 3. Since
the infinitely distant source is merely a convenient theoretical

abstraction, we do not discuss in details a potential physical
interpretation of this scheme.

The present approach resolves thus the long standing
problem of finding an equivalent electric scheme to describe
the behavior of a given electrochemical cell. It may be also
seen as a mathematical basis for developing approximate
schemes which are used to predict the electrochemical re-
sponse of some irregular electrodes �9,41�, or to fit the ex-
perimental data in electrochemical measurements �e.g., Voigt
model� �42,43�.

V. CONCLUSION

In this paper, we have addressed the transport processes
governed by Laplacian fields in the vicinity of irregular in-
terfaces. This problem is known to be crucial in physiology,
electrochemistry, and heterogeneous catalysis. The Dirichlet-
to-Neumann operator is introduced to properly identify the
influence of a geometrical irregularity on the physical prop-
erties of the system. The spectral characteristics �� and F� of
this operator contain all the information about the system
geometry that is needed to reconstruct its transport proper-
ties. As a practical consequence, an exact equivalent electric
circuit is associated to an electrolytic or diffusional cell of a
given geometry. The eigenvalues �� correspond to “spatial
frequencies” of eigenmodes, while the spectral components
F� of the harmonic measure density stand to weigh the con-
tributions of each eigenmode � to the total flux or effective
impedance. The important point is that as the harmonic mea-
sure density behaves relatively smoothly on irregular or even
prefractal boundaries �presenting only integrable singulari-
ties�, the scalar product with the eigenfunctions of high spa-
tial frequencies rapidly vanishes. The consequence is that
only a few eigenmodes contribute to the macroscopic re-
sponse and the equivalent circuit. This is a drastic simplifi-
cation of the problem.

Its practical application in electrochemistry would be a
promising perspective to disentangle the respective roles of
geometry and intrinsic electrochemical characteristics of the
working electrode. This approach has been recently validated
by impedance spectroscopy of prefractal electrodes �38�. The
knowledge of the geometrical influence on transport proper-
ties seems to be helpful for an optimal design of efficient

FIG. 3. Equivalent electric scheme for the working interface
constitutes a series connection of transmission lines “resistance

R̃�+linear element � / S̃�” �characterized by the surface impedance
��. Depending on the local transport properties of the electrolyte
double layer near the working electrode, the linear element can be
purely resistive ��=r�, purely capacitive ��= �i���−1�, their combi-
nation ��= �i��+1/r�−1�, or a more complex electrochemical
element.

GREBENKOV, FILOCHE, AND SAPOVAL PHYSICAL REVIEW E 73, 021103 �2006�

021103-8



catalysts in chemical engineering.
The very fact that only few eigenmodes determine en-

tirely the exchange properties of an irregular surface opens
for the future an interesting field of study. It would certainly
be useful to list the first eigenmodes for several surfaces with

“canonical” irregular geometry. The examples of interest
would be a single pore, a pore lattice in 2D or 3D, determin-
istic self-affine or self-similar interfaces, a branched tree
with diffusion and reaction on the surface as the pulmonary
acinus.
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